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1
Mahler Laurent $P\in \mathbb{C}[X_{1}^{\pm}, \ldots, X_{n}^{\pm}]\backslash \{0\}$
(1.1) $m(P):= \int_{0}^{1}\cdots\int_{0}^{1}\log|P(e^{2\pi it_{1}}, \ldots, e^{2\pi it_{n}})|dt_{1}\cdots dt_{n}$
Mahler Mahler [13] $\dagger$
$*$ 1. Mahler
$m(1+X+Y)= \frac{3\sqrt{3}}{4\pi}L(2, \chi_{-3})$ ,
$m(1+X+Y+Z)= \frac{7}{2\pi^{2}}\zeta(3)$
Mahler $L$
Smyth [21] Deninger [2] $n$ Laurent
$P(X_{1}, \ldots, X_{n})$ $n$ $T^{n}:=\{(X_{1}, \ldots, X_{n})\in \mathbb{C}^{n}||X_{1}|=\cdots=|X_{n}|=1\}$
$m(P)$ Deligne
[1], [19], [7], [9], [11], [10] [25]
Mahler




$P\downarrow\in \mathbb{C}[X_{1}^{\pm}, \ldots, X_{n}^{\pm}]\backslash \{0\}$
$m(P_{1}, \ldots, P_{l}):=\int_{0}^{I}$ . . . $\int_{0}^{1}\prod_{q=1}^{l}\log|P_{q}(e^{2\pi it_{1}}, \ldots, e^{2\pi it_{n}})|dt_{1}\cdots dt_{n}$
$*1$ Mahler Lehmer [12] (1. I) Lehmer
Mahler
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$\varphi$ $\mathfrak{g}$ Witten [27]
Zagier [26] Witten
(1.3) $\zeta_{W}(2k;\mathfrak{g})\in \mathbb{Q}\pi^{2kl}$ $(k\in N)$








(1.5) $\zeta_{MT}(s_{1}, s_{2}, s_{3}):=\sum_{m,n=1}^{\infty}\frac{1}{m^{s_{1}}n^{s_{2}}(m+n)^{s_{3}}}$
$*2$ . 2 (1.5) Tornheim [22]










2.1 $s_{1},$ $s_{2},$ $s_{3}(s=(s_{1}, s_{2}, s_{3}))$
$X_{j}^{(l_{j})}$ $:=1-x_{j}^{(l_{j})}$ , $Z_{j}$ $:=1-z \prod_{l_{j}=2}^{s_{j}}x_{j}^{(l_{j})}$ for $j=1,2$ and $l_{j}=2,$ $\ldots,$ $s_{j}$ ,
$Y^{(l)}:=1-y^{(l)}$ , $\tilde{Z}:=1-z\prod_{l=2}^{s_{3}}y^{(l)}$ for $l=2,$ $\ldots,$ $s_{3}$
$\mathscr{P}(s,\epsilon t(3))=\{\bigcup_{j=1,2}\{Z_{j}\cup\{X_{j}^{(l_{j})}\}_{l_{j}=2}^{s_{j}}\}\}\cup\{\tilde{Z}\cup\{Y^{(l)}\}_{l=2}^{s_{3}}\}$
22 $s=$ $(s_{1} , s_{2} , s_{3})$















2.4 (22) (22) [24]
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1. $(s_{1}, s_{2}, s_{3})=(2,1,1)$
$m(1-xz, 1-z, 1-x, 1-z)= \frac{1}{8}(2\zeta_{2}(2,1,1;\epsilon 1(3))+\zeta_{2}(1,1,2;5[(3)))$
$= \frac{3}{8}\zeta(4)=\frac{\pi^{4}}{240}$ .
2. $(s_{1}, s_{2}, s_{3})=(2,2,2)$
$m(1-x_{1}z, 1-x_{2}z, 1-x_{1},1-x_{2},1-yz, 1-y)= \frac{3}{32}\zeta_{MT}(2,2,2)=\frac{\pi^{6}}{30240}$ .
3. $(s_{1}, s_{2}, s_{3})=(2,2,3)$
$m(1-x_{1}z, 1-x_{2}z, 1-x_{1},1-x_{2},1-y^{(2)}y^{(3)}z, 1-y^{(2)}, 1-y^{(3)})$
$=- \frac{1}{64}(2\zeta_{MT}(3,2,2)+\zeta_{MT}(2,2,3))=-\frac{1}{32}(-3\zeta(7)+2\zeta(2)\zeta(5))$ .
3 2.2 ( )





(3.1) $m(1-xz, 1-z, 1-x, 1-z)$




$=\{\begin{array}{ll}\cos\Theta (\sigma_{0}, \sigma_{2})=(1, -1), (-1,1) \text{ } m_{0}=m_{2} \text{ }0 \text{ }\end{array}$
(3.1)
$\frac{1}{2^{4}}\sum_{(\sigma_{0},\sigma_{1},\sigma_{3})\in\{\pm 1\}^{3}}\int_{0}^{1}\sum_{m_{0},m_{1},m_{3}=1}^{\infty}\frac{\cos(2\pi s(\sigma_{0}m_{0}+\sigma_{1}m_{1}+\sigma_{3}m_{3}))}{m_{0}^{2}m_{1}m_{3}}ds$.





$= \frac{1}{2^{4}}\sum_{\sigma_{3}\in\{\pm 1\}}\sum_{mo\neq 0,m_{1}\neq 0},$
$\frac{(sgnm_{0})^{2}(sgnm_{1})}{m_{0}^{2}m_{1}(\sigma_{3}(m_{0}+m_{1}))}$ .
$\sigma_{3}(m_{0}+m_{1})>0$
$\sigma_{3}(m_{0}+m_{1})>0$ sgn $\sigma_{3}=$ sgn$(m_{0}+m_{1})$
$m(1-xz, 1-z, 1-x, 1-z)$
$= \frac{1}{2^{4}}\sum_{mo\neq 0,m_{1}\neq 0},$
$\frac{(sgnm_{0})^{2}(sgnm_{1})(sgn(m_{0}+m_{1}))}{m_{0}^{2}m_{1}(m_{0}+m_{1})}$






$r$ Lie $\mathfrak{g}$ Witten
Mahler





Witten ( [16], [4], [3]
).
$\mathfrak{g}$
$\triangle$ , ( ) $\Delta+(\triangle_{-}),$ $\Delta$ $\Pi:=$











$C_{\alpha,j}$ $(:=\langle\alpha^{\vee}, \lambda_{j}\rangle)$ $\alpha\in\triangle_{+}\backslash \Pi$ $\lambda_{j}$
$s=(s_{\alpha})_{\alpha\in\Delta_{+}}\in \mathbb{C}^{n}(n=|\Delta_{+}|)$ $\mathfrak{g}$ $X_{r}(X=A, B, C, D, E, F, G)$
$\zeta_{r}(s;g)$ $\zeta_{r}(s;X_{r})$ Witten (1.2)
(4.1)
$\zeta_{W}(s;\mathfrak{g})=K(\mathfrak{g})^{s}\zeta_{r}(s, .., s;\mathfrak{g})\sim n$
.
$K( \mathfrak{g}):=\prod_{\alpha\in\Delta+}\langle\alpha^{\vee},$ $\sum_{j=1}^{r}\lambda_{j}\rangle$
41 $\mathfrak{g}=\mathfrak{s}t(3)$ $\zeta_{2}(s_{1}, s_{2}, s_{3};\mathfrak{s}\mathfrak{l}(3))=\zeta_{MT}(s_{1}, s_{2}, s_{3})$
Witten Mahler
222
42 Lie g, s $=(s_{\alpha})_{\alpha\in\Delta_{+}}\in \mathbb{N}^{n}$ $\alpha\in\Pi$
$X_{\alpha}^{(l_{\alpha})}:=1-x_{\alpha}^{(l_{\alpha})}$ for $l_{\alpha}=2,$ $\ldots,$ $s_{\alpha}$ ,
$Z_{\alpha}:=1- \prod_{l_{\alpha}=2}^{s_{\alpha}}x_{\alpha}^{(l_{\alpha})}\prod_{\beta\in\triangle_{+\backslash \Pi}}z_{\beta}^{C_{\beta,\alpha}}$
$\alpha=\alpha j\in\Pi$ $C_{\beta,\alpha}=C_{\beta,j}$ $\beta\in\triangle_{+}\backslash \Pi$
$Y_{\beta}^{(l_{\beta})}:=1-y_{\beta}^{(l_{\beta})}$ for $l_{\beta}=2,$ $\ldots,$ $s_{\beta}$ ,
$\tilde{Z}_{\beta}:=1-z_{\beta}\prod_{l_{\beta}=2}^{s_{\beta}}y_{\beta}^{(l_{\beta})}$
$\mathscr{P}(s;\mathfrak{g})=\mathscr{P}(s;X_{r}):=\{\bigcup_{\alpha\in\Pi}\{Z_{\alpha}\cup\{X_{\alpha}^{(l_{\alpha})}\}_{l_{\alpha}=2}^{s_{\alpha}}\}\}\cup\{\bigcup_{\beta\in\triangle_{+\backslash \Pi}}\{\tilde{Z}_{\beta}\cup\{Y_{\beta}^{(l_{\beta})}\}_{l_{\beta}=2}^{s_{\beta}}\}\}$
43( [20]) $\triangle_{+}\backslash \Pi\neq\emptyset$ $s=(s_{\alpha})_{\alpha\in\triangle_{+}}=(s_{j})_{j=1}^{n}$
(4.2) $m( \mathscr{P}(s;\mathfrak{g}))=m(\mathscr{P}(s;X_{r}))=\frac{(-1)^{s_{n}}}{2^{S_{n}}}\sum_{w\in W}\zeta_{r}(ws;\mathfrak{g})$ ,







(5.1) $\zeta_{2}(s_{1}, s_{2}, s_{3}, s_{4};B_{2}):=\sum_{m,n=1}^{\infty}\frac{1}{m^{s_{1}}n^{s_{2}}(m+n)^{s_{3}}(m+2n)^{s_{4}}}$
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$*$4. $B_{2}(C_{2})$ $(s_{1}, s_{2}, s_{3}, s_{4})\in N^{4}$
$X_{j}^{(l_{j})}:=1-x_{j}^{(l_{j})}$
$Z_{j}:=1- \prod_{l_{j}=2}^{s_{j}}x_{j}^{(l_{j})}\prod_{i=3,4}z_{i}^{C_{i,j}}$ $j=1,2$ $l_{j}=2,$ $\ldots,$ $Sj$ ,
$Y_{i}^{(\iota_{:})}:=1-y_{i}^{(l_{\mathfrak{i}})}$
$\tilde{Z}_{i}:=1-z_{i}\prod_{l_{i}=2}^{s_{l}}y_{i}^{(\iota_{:})}$ $i=3,4$ $l_{i}=2,$ $\ldots$ , si
$C_{i,j}=\{\begin{array}{ll}2 (i,j)=(4,2),1 \text{ }\end{array}$
$B_{2}(C_{2})$ 4.3
5.1 $s=(s_{1}, s_{2}, s_{3}, s_{4})$
(5.2) $m( \mathscr{P}(s;B_{2}))=\frac{(-1)^{s_{4}}}{2^{S_{4}-1}}(\zeta_{2}(s_{1}, s_{2}, s_{3}, s_{4};B_{2})+\zeta_{2}(s_{1}, s_{3}, s_{2}, s_{4};B_{2})$
$+\zeta_{2}(s_{4}, s_{3}, s_{2}, s_{1};B_{2})+\zeta_{2}(s_{4}, s_{2}, s_{3}, s_{1};B_{2}))$ ,
$S_{4}= \sum_{j=1}^{4}s_{j}$ .
5.2















$\zeta_{2}(s_{1}, s_{2}, s_{3}, s_{4}, s_{5}, s_{6};G_{2})$
$:= \sum_{m,n=1}^{\infty}\frac{1}{m^{s_{1}}n^{s_{2}}(m+n)^{s_{3}}(m+2n)^{s_{4}}(m+3n)^{s_{5}}(2m+3n)^{s_{6}}}$ .
( [6] ). $G_{2}$ $(s_{1}, \ldots, s_{6})\in N^{6}$
$X_{j}^{(l_{j})}:=1-x_{j}^{(l_{j})}$ , $Z_{j}:=1- \prod_{l_{j}=2}^{s_{j}}x_{j}^{(l_{j})}\prod_{i=3}^{6}z_{i}^{C_{i,j}}$ $j=1,2$ $l_{j}=2,$ $\ldots,$ $s_{j}$ ,
$Y_{i}^{(l_{i})}:=1-y_{i}^{(l_{i})}$ , $\tilde{Z}_{i}:=1-z_{i}\prod_{l_{i}=2}^{s_{i}}y_{i}^{(l_{i})}$ $i=3,$ $\ldots,$ $6$ $l_{i}=2,$ $\ldots$ , si
$C_{i,j}=\{\begin{array}{ll}3 (i,j)=(5,2), (6,2),2 (i,j)=(6,1), (4,2),1 \text{ }\end{array}$
$G_{2}$ 43
53 $s=(s_{1}, \ldots, s_{6})$
(5.3) $m( \mathscr{P}(s;G_{2}))=\frac{(-1)^{s_{6}}}{2^{S_{6}-1}}\{\zeta_{2}(s_{1}, s_{2}, s_{3}, s_{4}, s_{5}, s_{6};G_{2})+\zeta_{2}(s_{6}, s_{3}, s_{4}, s_{2}, s_{1}, s_{5};G_{2})$
$+\zeta_{2}(s_{6}, s_{4}, s_{3}, s_{2}, s_{5}, s_{1};G_{2})+\zeta_{2}(s_{5}, s_{4}, s_{2}, s_{3}, s_{6}, s_{1};G_{2})$
$+\zeta_{2}(s_{5}, s_{2}, s_{4}, s_{3}, s_{1}, s_{6};G_{2})+\zeta_{2}(s_{1}, s_{3}, s_{2}, s_{4}, s_{6}, s_{5};G_{2})\}$.
5.4 $(s_{1}, s_{2}, s_{3}, s_{4}, s_{5}, s_{6})=(2,2,2,2,2,2)=:(2)$
$m( \mathscr{P}((2);G_{2}))=\frac{3}{1024}\zeta_{2}((2);G_{2})=\frac{23}{101684758855680}\pi^{12}$,
$\zeta_{2}((2);G_{2})=23\pi^{12}/297904566960$ ( $[6]$ ).
225
[1] D. Boyd, Mahler’s measure and special values of L-functions, Experiment. Math. 7 (1998),
37-82.
[2] C. Deninger, Deligne penods of mixed motives, K-theory and the entropy of certain $\mathbb{Z}^{n}-$
actions, J. Amer. Math. Soc. 10 (1997), 259-281.
[3] Y. Komori, K. Matsumoto and H. Tsumura, Zeta functions of root systems, in “The
Conference on L-Functions”, L. Weng and M. Kaneko (eds.), World Sci. Publ., 2007, pp.
115-140.
[4] Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated
with semisimple Lie algebms II, to appear in J. Math. Soc. Japan.
[5] Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated
with semisimple Lie algebms III, preprint.
[6] Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated
with semisimple Lie algebms IV, to appear in Glasgow Math. J.
[7] N. Kurokawa and H. Ochiai, Mahler measures via the crystalization, Comment. Math.
Univ. St. Pauli 54 (2005), 121-137.
[8] N. Kurokawa, M. Lal\’in and H. Ochiai, Higher Mahler measures and zeta functions, Acta
Arith. 135 (2008), 269-297.
[9] M. N. Lal\’in, An algebmic integmtion for Mahler measure, Duke Math. J. 138 (2007),
391-422.
[10] M. N. Lalin, On a conjecture by Boyd, to appear in Int. J. Number Theory.
[11] M. N. Lal\’in and M. D. Rogers, Functional equations for Mahler measures of genus-one
curves, Algebra Number Theory 1 (2007), 87-117.
[12] D. H. Lehmer, $Factor\dot{v}zation$ of certain cyclotomic functions, Ann. of Math. (2) 34 (1933),
461-479.
[13] K. Mahler, On some inequalities for polynomials in seveml variables, J. London Math.
Soc. (2) 37 (1962), 341-344.
[14] K. Matsumoto, On the analytic continuation of various multiple zeta-functions, in ‘Number
Theory for the Millennium II, Proc. Millennial Conference on Number Theory’, M. A.
Bennett et al (eds.), A K Peters, 2002, pp. 417-440.
[15] K. Matsumoto, On Mordell-Tornheim and other multiple zeta-functions, Proceedings of
the Session in analytic number theory and Diophantine equations (Bonn, January-June
2002), D. R. Heath-Brown and B. Z. Moroz (eds.), Bonner Mathematische Schriften Nr.
360, Bonn 2003, n.25, $17pp$ .
[16] K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated with
semisimple Lie algebms I, Ann. Inst. Fourier (Grenoble) 56 (2006), 1457-1504.
[17] L. J. Mordell, On the evaluation of some multiple series, J. London Math. Soc. 33 (1958),
368-371.
[18] T. Nakamura, A functional relation for the Tornheim double zeta function, Acta Arith.
226
125 (2006), 257-263.
[19] F. Rodriguez-Villegas, Modular Mahler measures. I, in ”Topics in number theory”, Uni-
versity Park, PA, 1997, Math. Appl., vol. 467, Kluwer Acad. Publ., Dordrecht 1999, pp.
17-48.
[20] Y. Sasaki, On multiple higher Mahler measures and Witten zeta values associated semisim-
ple Lie algebms, preprint.
[21] C. J. Smyth, On measures of polynomials in several variables, Bull. Austral. Math. Soc.
23 (1981), 49-63.
[22] L. Tornheim, Harmonic double series, Amer. J. Math. 72 (1950), 303-314.
[23] H. Tsumura, On Witten’s type of zeta values attached to $SO(5)$ , Arch. Math. (Basel) 82
(2004), 147-152.
[24] H. Tsumura, On functional relations between the Mordell-Tornheim double zeta functions
and the Riemann zeta function, Math. Proc. Cambridge Philos. Soc. 142 (2007), 395-405.
[25] 2
[26] D. Zagier, Values of zeta functions and their applications, in First European Congress of
Math., Paris, Vol. II, Progr. Math., vol. 120, Birkh\"auser, Basel, 1994, PP. 497-512.
[27] E. Witten, On quantum gauge theories in two dimensions, Comm. Math. Phys. 141 (1991),
153-209.
227
